We show how to consistently renormalize N = 1 and N = 2 super-Yang-Mills theories in flat space with a local (i.e. space-time-dependent) renormalization scale in a holomorphic scheme. The action gets enhanced by a term proportional to derivatives of the holomorphic coupling. In the N = 2 case, this new action is exact at all orders in perturbation theory.
INTRODUCTION
It is customary when performing the renormalization of quantum field theories to introduce a constant renormalization scale, required by dimensional analysis. In the Wilsonian approach, renormalized quantum field theories can be viewed as effective field theories valid below a specific cutoff, and the bare couplings are adjusted in a cutoff-dependent way so that the low-energy theory is actually invariant under an infinitesimal global deformation of the cutoff. This approach, however, is not the most general: in principle, nothing prohibits us from deforming the cutoff in a space-time-dependent manner, meaning that we can choose a different renormalization scale at different points in time and space. As long as the deformations of the cutoff are smooth, the renormalized theory should still make perfect sense. In this way, one introduces a space-time dependence in the couplings of the theory, meaning that the coupling constants are promoted to (background) fields. Besides modifying the equations of motion for the quantum fields of the theory, the space-time-dependent couplings also act as external sources for composite operators. For these composite operators to be renormalized too, new counterterms have to be introduced in the theory. These counterterms have physical significance, as we shall see below. The ideas summarized so far are found in the literature under the name of local renormalization group [1] [2] [3] [4] [5] [6] 1 . One aspect of the local renormalization group (RG) has been studied in particular so far: when coupled to a classical background metric, the local RG allows to write a generalization of the Callan-Symanzik equation that describes the response of the theory under a local Weyl rescaling of the metric, g µν → Ω(x) 2 g µν . The local RG equation describes the properties of correlators involving the energy-momentum tensor. It was used to provide an independent derivation of Zamolodchikov c-theorem in two dimensions [9] , and to derive an analogous a-theorem in four dimensions, proving the irreversibility of the RG flow at leading order in perturbation theory [4-6, 10, 11] .
1 Recent reviews of these old ideas by the original authors can be found in Refs. [7, 8] .
The local RG equation also played a crucial role in elucidating the relation between scale invariance and conformal invariance in four dimensions [12] [13] [14] . It was used as well to try and generalize the a-theorem in dimensions other than two and four [15] [16] [17] [18] . A superspace version of the local RG equation for supersymmetric theories has been written down [19] , and the a-function obtained in this way has been shown to agree with non-perturbative derivations using R-symmetry anomalies [20] or the dilaton effective action in a curved background [21] . The same method allowed for new constraints in the study of supersymmetric conformal manifolds [22] . Most of the achievements of the local RG so far involve renormalization in curved space-time. It is convenient to couple a locally renormalized theory to a background metric, as it makes the local rescalings explicitly realized as Weyl transformations. However, it is by no means necessary. This work explores the consequences of the local renormalization group in a pure flat space approach. As mentioned above, the renormalizability of composite operators require to augment the action with additional terms. These are terms that do not involve the quantum fields but only the couplings, or more precisely derivatives thereof. They can be computed order by order in perturbation theory, and are completely determined by the field content of the theory and the choice of renormalization scheme. In this work, we focus on supersymmetric gauge theories, for which there is a preferred scheme, the holomorphic scheme, and powerful non-renormalization theorems.
Our results for both N = 1 and N = 2 theories can be summarized in one equation: the action of a renormalized supersymmetric gauge theory must be enhanced by a new "vacuum" contribution
where τ is the holomorphic coupling promoted here to a chiral superfield, d G is the dimension of the gauge group, T G the Dynkin index of its adjoint representation (e.g.
c − 1 and T G = N c for a SU (N c ) gauge theory), and b is the one-loop coefficient of the β-function, i.e. b = 3T G /(8π 2 ) for N = 1 and b = 2T G /(8π 2 ) for N = 2. We describe in the next sections how this re-sult is obtained from a one-loop computation, and how it remains valid at all orders for N = 2.
The idea of this work is to use the Wilsonian approach to define the N = 2 (and later N = 1) super-Yang-Mills theory in terms of a finite, N = 4 theory softly broken by a space-time-dependent mass term for the matter hypermultiplet. We follow in particular the derivation of Ref. [23] . The N = 4 theory in isolation is finite, and therefore its gauge coupling g 0 and vacuum angle Θ are not renormalized. We make use of N = 1 superspace formulation throughout the derivation, in which the N = 4 Lagrangian can be written
There are three chiral superfields, χ, Φ 1 and Φ 2 , a vector field V , and W α is the field strength tensor associated to V . In N = 2 language, (χ, V ) forms a gauge supermultiplet and (Φ 1 , Φ 2 ) a matter hypermultiplet. We want to softly deform the theory by adding a mass term for the Φ i , so that a pure N = 2 gauge theory is recovered below that mass scale. Before proceeding, however, we perform a rescaling of the hypermultiplet as Φ i → g 0 Φ i . The Jacobian of this transformation is non-trivial, and we get therefore
where we have now
Eq. (3) is a fancy way of describing N = 4 super-YangMills, where the supersymmetries are not obvious. The finiteness of the theory is nevertheless preserved, and the hypermultiplet fields Φ i are now canonically normalized and ready to be integrated out. We deform this theory by adding a soft mass term for the hypermultiplet (Φ 1 , Φ 2 ),
where Λ is taken to be an external chiral multiplet, whose vacuum expectation value defines a mass scale M :
In the Wilsonian spirit, we have to replace the bare coupling g 0 by a functional of Λ in such a way that the low-energy theory at energies p 2 M 2 remains invariant under an infinitesimal variation of Λ. This can be done by considering the Lagrangian
τ [Λ] is fixed by requiring that the theory does not depend on Λ after integrating out the Φ i superfields. It can be determined in practice by writing Λ = M +δΛ and performing a perturbative expansion, considering δΛ tr(Φ i Φ i ) as an interaction term in the theory of two massive chiral superfields. The only relevant Feynman diagrams are those with a loop of Φ 1 or Φ 2 and external legs consisting in V , χ and δΛ, as illustrated in Fig. 1 . The low-energy effective theory is then obtained by only considering terms of order M n with n ≥ 0. By simple power counting and taking into account gauge invariance, diagrams with V or χ external legs cannot have δΛ-legs that carry momentum. The low-energy action in the gauge and matter sectors is that of a theory with constant Λ, and we find therefore
This is the ordinary global renormalization group result, obtained in the local renormalization framework. Notice that the log(g 0 ) term in eq. (4) could be canceled by a redefinition Λ → g 0 Λ.
There is however a crucial difference between local and global renormalization: in our method, there are infinitely many more diagrams of order M 0 which do not decouple in the infrared: these are all diagrams with δΛ external legs only. Their contribution must be canceled by the term denoted L vac in the action (7). Only diagrams with at most two powers of momentum on the external legs can contribute in the regime p 2 M 2 , and diagrams with less than two powers of momentum actually vanish identically. Each of the relevant diagrams is separately free of ultraviolet divergences from N = 4 supersymmetry, but summing all of them is a rather advanced combinatorics problem. Instead, we construct the propagator for Φ with a space-time-dependent mass in a derivative expansion, and use the relation between the propagator and the integrand to evaluate the sum of diagrams, as explained in the appendix. The result is finite and independent of M :
where D α and Dα are the SUSY-covariant derivatives. Notice that this Lagrangian only depend on the logarithm of Λ and Λ, and as such it can be rewritten in terms of the holomorphic coupling τ using the relation (8),
where b is the β-function coefficient defined in the introduction. This form makes it explicit that L vac remains part of the N = 2 super-Yang-Mills theory when we take the limit Λ → ∞. It should also be emphasized that L vac is exact at all loop orders in perturbation theory: since Φ in the theory (7) does not have self-interactions, there are literally no diagrams contributing to L vac beyond the one loop order.
The N = 1 theory can be derived along the same lines, with substantially similar results. The important difference is that our result is valid at one-loop only, higherorder corrections being important in principle. The derivation of the N = 1 action from N = 4 proceeds as in the previous section, except that we now introduce a soft mass term for all three chiral multiplets, Φ 1 , Φ 2 and χ (which we rename Φ 3 for simplicity). The Lagrangian is therefore
where we must now require
Not surprisingly, the cutoff dependence of τ agrees again with the global renormalization group approach. As before, we have rescaled Λ → g 0 Λ to get rid of the log(g 0 ) appearing in the definition of the gauge coupling for canonically normalized matter fields. While this rescaling was absolutely insignificant in the N = 2 case, for N = 1 it is absolutely necessary for τ to make sense as a perturbative expansion in powers of the bare coupling g 0 . In other words, for N = 1 theories the vacuum contribution L vac depends on the choice of renormalization scheme, and our results apply to the holomorphic scheme only. The computation of L vac in this case goes exactly as before, the only difference being that there are now three different chiral fields running in the loop, so that we recover eq. (9) multiplied by a factor of 3 2 , and thus
+higher-loop corrections.
The investigation of higher-order corrections are beyond the scope of this work; notice that a supersymmetrybreaking anomaly has been reported to appear at the two-loop order [24] [25] [26] [27] .
CONCLUSIONS
We have shown in this work how the local renormalization group can be derived in a Wilsonian approach to N = 2 and N = 1 super-Yang-Mills theories. The trick of promoting the couplings of supersymmetric theories to background sources has been used before, timehonored examples being the Shifman-Vainshtein derivation of the all-order β-function for supersymmetric theories with matter [28, 29] or the study of soft supersymmetry breaking effects relevant for phenomenology [30, 31] . But to the best of our knowledge, it is the first time that the presence of the "vacuum" term (1) in the effective action is emphasized. Such a term is reminiscent of the dilaton effective action used in the non-perturbative proof of the a theorem [32, 33] , and its variation with respect to the holomorphic coupling is indeed related to the conformal anomalies through the work of Jack and Osborn [5] [6] [7] 19] . The a function must in particular obey
The exact form of this relation and its consequences will be determined elsewhere [34] , as the details of this equality have only been worked out for non-supersymmetric field theories. For the same reason we cannot directly compare our result to existing computations [35, 36] . Nevertheless, it can be noted already that the monotonicity of a at all orders in perturbation theory can be probably be made obvious for N = 2. Eq. (14) also indicates that non-perturbative effects must become relevant along the renormalization flow to prevent a from running all the way to negative values [37, 38] . The study of non-perturbative phenomena like instantons and monopoles in the local RG framework is also of foremost interest. The novelty there is that L vac arises as a Lagrangian term and is well-defined all along the renormalization group flow, and can therefore be incorporated in semi-classical computations, in which one can imagine allowing the renormalization scale to vary over space and/or time [34] . A true semi-classical result should be independent of the choice of renormalization scale, even locally. Other directions deserve further studies as well, as for instance the extension of our results to models with matter fields, or the investigation of the higher-loop structure of L vac .
indicates the SUSY-covariant derivative acting on an external source Λ (or D acting on Λ). The sum of Feynman diagrams 
where higher-order terms can be neglected as they are at least of order O(D 6 Λ) and their contribution to the lowenergy effective action is therefore suppressed by powers of M . Upon loop integration, terms with less than four SUSY-covariant derivatives vanish and we are left with two terms of order O(D 4 Λ) that have been reported in eq. (9) .
